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We investigate the Kerr-Newman-NUT black hole solution obtained from Pleban´ski-
Demian´ski solutions with several assumptions. The origin of the microscopic entropy of
this black hole is studied using the conjectured Kerr/CFT correspondence which is first
proposed for extremal Kerr black holes. The isometry of the near-horizon extremal Kerr-
Newman-NUT black hole shows that the asymptotic symmetry group may be applied to
compute the central charge of the Virasoro algebra. Furthermore, by assuming Frolov-
Thorne vacuum, the temperatures can be obtained which then using Cardy formula, the
microscopic entropy is obtained and agrees with the Bekenstein-Hawking entropy. We
also assume the case when the lowest eigenvalue of the conformal operator L0 is non-zero
to find the logarithmic correction of the entropy of NHEKNUT black hole. At the limit
J → 0, the extremal Reissner-Nordstro¨m-NUT solution is produced and by adding the
fibered coordinate we find the 5D solution. The second dual CFT is used to find the
entropy and it still produces the area law of 5D black hole solution. So, the extremal
Reissner-Nordstro¨m-NUT solution is also holographically dual to the CFT.
Keywords: black holes; NUT charge; space-time symmetries; Kerr/CFT correspondence
PACS numbers: 04.40.Nr, 04.60.-m, 04.70.Dy
1. Introduction
Based on the no-hair theorem, the Kerr-Newman solution is the most physical black
hole solution with the spin a, mass M , and the electric charge e. However, theo-
retically there are many mathematical solutions that describe black holes, as one of
the most common solutions, because they have various parameters other than those
∗corresponding author
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found in Kerr-Newman black hole, is Pleban´ski-Demian´ski (PD) solution.1 The
PD solution has additional parameters such as magnetic charge g, acceleration α,
cosmological constant Λ, and NUT charge l. The presence of cosmological constants
and acceleration in the solution adds the number of the horizon to the black hole
known as accelerated and cosmological horizons, respectively. A simpler solution
that we will discuss in the following is the case when the cosmological constant and
acceleration vanish. So the solution becomes dyonic Kerr-Newman-NUT black hole.
We will mention this solution as KNUT black hole.
The KNUT solution here is a more general solution compared to the dyonic Kerr-
Newman one because there is an additional NUT charge which was first discovered
by Taub2 and later developed by Newman et al.3 The interesting part of this solution
is the presence of NUT charge in which the NUT is an abbreviation of Newman,
Unti, and Tamburinno that find the solution for larger manifold after Taub. The
existence of a NUT charge causes the metric does not posses asymptotically flat
solution. For the definition of the NUT charge itself, one can see it as the source
that represents a gravomagnetic monopole parameter of the central mass4 or a twist
parameter of the surrounding space-time.5
Studying the thermodynamics quantities of KNUT black holes seems to be an
interesting and important thing because it can be one of the stages to study the
merging of gravitational theory and the quantum field theory. The conjectured
Kerr/CFT correspondence6 has first demonstrated that the microscopic entropy
matches the (macroscopic) Bekenstein-Hawking entropy for extremal Kerr black
hole. This shows that there is a relation between quantum gravity and the conformal
field theory (CFT). In other words, from this conjecture, the gravity is dual to the
CFT. This correspondence has also been successfully used to obtain the entropy of
various black hole solutions from microscopic point of view such in Refs. 7–18 or for
the detailed review see Ref. 19. We know that the entropy from the CFT is equal
to AH/4GN where AH , GN are area of the black hole and gravitational constant in
any dimension. This entropy clearly matches the Bekenstein-Hawking entropy.
Furthermore the macroscopic calculation in loop quantum gravity20 find that
there is a logarithmic correction of the entropy , i.e. − 32 lnAH . Then, from the
microscopic point of view, Cardy prescription succeed to show that logarithmic
correction is consistent with the result obtained in the macroscopic calculation in
loop quantum gravity.21, 22 This prescription assumes that the lowest eigenvalue
of the conformal operator L0 is non-zero. However, from the macroscopic side,
Sen23, 24 employs the analysis of Euclidean gravity to find the logarithmic correction
and find that it depends on the ensemble that is chosen and the number of all
massless fields in the theory. Thereafter, it is confirmed by Pathak et al.25 where
the logarithmic correction is generated by Gaussian fluctuations of the density of
states about the saddle point from the microscopic side for Kerr-Newman black
hole in five dimension. Sen argues that the loop quantum gravity result counts the
number of states per unit interval in the area AH but when converting this to
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number of states per unit interval in mass gives a result of −lnAH for the singlet
and no correction for the microcanonical ensemble in the case of Schwarzschild black
hole. But he shows for the BTZ black hole, the logarithmic correction agrees with
the microscopic one as the Cardy prescription. This logarithmic calculation seems
to be very interesting for both assumption on macroscopic side and will be very
promising to confirm it from the microscopic side.
In what follows, we use the Kerr/CFT correspondence for more generalized
Kerr-Newman black holes, namely KNUT solution where this can be obtained
from Pleban´ski-Demian´ski solution. First we get the near-horizon geometry of the
KNUT black hole in some coordinate systems for which all of the metric have the
SL(2, R) × U(1) isometry group. From this symmetry, it might be seen that the
asymptotic symmetry group (ASG), as proposed first in Ref. 26, may be applied to
Near-Horizon-Extremal-Kerr-Newman-NUT (NHEKNUT) geometry to obtain the
central charge. Therefore, there are some boundary conditions on the metric de-
viation that need to be determined in order to produce a finite charge and here
we focus only on the left-moving part of the central charge so that there are the
additional boundary conditions to the charges. With the boundary condition we
use, in the end this generates the central charge
cL = 12aM, (1)
which arise from Virasoro algebra. As we have said previously, here we assume that
there is no contribution from the electromagnetic field to the central charge as well
as the vanishing right-moving central charge.
After getting the associated central charge, the next step is to obtain the temper-
atures because these two quantities are required in Cardy formula for the entropy.
In the assumptions we use, the temperature required in the computation of the
entropy is the left-moving temperature. By using the Frolov-Thorne vacuum, we
find that
TL =
M2 + (a+ l)2
4πaM
. (2)
But actually besides that, we also obtain the temperatures which is the conjugate of
the electric and magnetic charges from KNUT black hole. It will be useful for finding
the entropy for Reissner-Nordtro¨m-NUT black hole in five dimensions. Finally, from
Cardy formula, we find that the entropy of NHEKNUT black hole is
SKNUT = π(2a
2 + q2 + 2al), (3)
which agrees with the Bekenstein-Hawking entropy.
When the angular momentum of the NHEKNUT geometry vanishes, it causes
the central charge to vanishes too but the left-moving temperature becomes sin-
gular at this point but this should still produce the entropy corresponding to the
Bekenstein-Hawking entropy. To solve this problem, we adopt the method used by
Hartmann et al.7 which defines the second dual CFT. This is done by first adding a
fibered coordinate that has a periodic property so that z ∼ z + 2πRn. In addition,
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the electromagnetic field obtained after adding the gauge transformation, because
J → 0, could be the part of the geometry so that a near-horizon metric of five
dimensional extremal Reissner-Nordstrom-NUT solution can be obtained. Next, by
using ASG and adding boundary conditions for the five dimensional solution, it
produce the central charge of 5D geometry. Then by using the temperature that is
the conjugate of the electric charge, the following entropy is obtained
SRNNUT = π(M
2 + l2) = πq2. (4)
This entropy still agrees with the Bekenstein-Hawking entropy in five dimensional
geometry where SBH = AH/4G5.
2. Kerr-Newman-NUT black holes
The no-hair theorem tells that the Kerr-Newman solution is the most physical black
hole solution that has mass, electric charge, and spin. However, from the theoretical
point of view, there are many mathematical solutions that describe black holes,
as one of the general solutions, because they have various parameters other than
those found in Kerr-Newman black hole, is Pleban´ski-Demian´ski (PD) solution.1
This solution has the form27
ds2 =
1
Ω2
[
−∆
Σ
{
dtˆ−
(
asin2θ + 4lsin2
θ
2
)
dφˆ
}2
+
Σ
∆
drˆ2 +
Σ
P
dθ2
+
P
Σ
sin2θ
{
adtˆ+
(
rˆ2 + (a+ l)2
)
dφˆ
}2]
, (5)
where
Ω = 1− α
ω
(l + acosθ)rˆ, P = 1− P0cosθ − P1cos2θ, Σ = rˆ2 + (l + acosθ)2,
∆ = (ω2P4 + e
2 + g2)− 2Mrˆ + P2rˆ2 − 2αP3
ω
rˆ3 −
(
α2P4 +
Λ
3
)
rˆ4,
and
P0 = 2α
a
ω
M − 4α2 al
ω2
(ω2P4 + e
2 + g2)− 4Λ
3
al,
P1 = −α2 a
2
ω2
(ω2P4 + e
2 + g2)− Λ
3
a2,
P2 =
ω2P4
a2 − l2 + 4α
l
ω
M − (a2 + 3l2)
{
α2
ω2
(ω2P4 + e
2 + g2) +
Λ
3
}
,
P3 =
ω2lP4
a2 − l2 − α
a2 − l2
ω
M + (a2 − l2)l
{
α2
ω2
(ω2P4 + e
2 + g2) +
Λ
3
}
,
P4 =
{
1 + 2α
l
ω
M − 3α2 l
2
ω2
(e2 + g2)− l2Λ
}{
ω2
a2 − l2 + 3α
2l2
}−1
.
A detailed derivation of the solution can be seen in the original paper, Ref. 1. The
parameters M,a, e, g, l, α,Λ represent mass, spin, electric charge, magnetic charge,
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NUT charge, acceleration, and cosmological constant, respectively where we use
the notation kB = ~ = c = 1 and the four dimensional gravitational constant also
G = 1. Then ω is a free parameter that we can choose as a function of the previous
seven parameters. In addition, the NUT charge can be defined as a gravomagnetic
monopole parameter4 or a twisting property of the surrounding space-time.5 Its
name comes from the abbreviation of Newman, Unti, and Tamburinno that find the
solution for larger manifold3 after Taub.2
In what follows, we focus on some special cases since we want only look for the
Kerr-Newman-NUT solution. To find the KNUT solution, we take the value of the
cosmologial constant Λ and acceleration α to 0, so it results in P0 = P1 = 0. Then
the circumstances P2 = 1, P3 = l, and P4 = 1 are taken. Finally, we obtain
ds2 = −∆
Σ
{
dtˆ−
(
asin2θ + 4lsin2
θ
2
)
dφˆ
}2
+
Σ
∆
drˆ2 +Σdθ2
+
sin2θ
Σ
[
adtˆ+
{
rˆ2 + (a+ l)2
}
dφˆ
]2
, (6)
where
Σ = rˆ2 + (l + acosθ)2, ∆ = rˆ2 − 2Mrˆ + q2 + a2 − l2.
Here, we have defined q2 = e2 + g2. The solution (6) is equivalent to the following
solution
ds2 = −∆
Σ
[
dtˆ− {asin2θ + 2l(1− cosθ)} dφˆ]2 + Σ
∆
drˆ2 +Σdθ2
+
sin2θ
Σ
{
adtˆ+
(
rˆ2 + a2 + l2 + 2al
)
dφˆ
}2
. (7)
The metric (7) is related to the electromagnetic potential27
Aµdx
µ =
−erˆ
[
adtˆ− {(a+ l)2 − (l2 + a2cos2θ + 2alcosθ)} dφˆ]
a [rˆ2 + (l + acosθ)2]
−
g(l + acosθ)
[
adtˆ− {rˆ2 + (l + acosθ)2} dφˆ]
a [rˆ2 + (l + acosθ)2]
. (8)
The metric (7) has the event horizon, angular velocity, and Hawking tempera-
ture, respectively
rˆ+ = M +
√
M2 + l2 − a2 − q2, (9)
ΩH =
a[
rˆ2+ + (a+ l)
2
] , (10)
TH =
κ
2π
=
r+ −M
2π
[
rˆ2+ + (a+ l)
2
] , (11)
in which the angular velocity is the same as with the accelerating black hole Kerr-
Newman-NUT.28 When its acceleration parameter vanishes, the Hawking temper-
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ature will be equal to Eq. (11). For the extremal case, it deals with Bekenstein-
Hawking entropy
SBH(TH = 0) =
AH
4
= π(2a2 + q2 + 2al). (12)
However, there is a logarithmic correction to the Bekenstein-Hawking entropy
in the in loop quantum gravity theory.20 In this theory, the macroscopic calculation
finds that the logarithmic correction of the entropy of the black hole has the form
∆SBH = −3
2
lnAH . (13)
Hence for the near-horizon extremal KNUT black hole, the logarithmic correction
of the entropy is
∆SBH = −3
2
ln4π(2a2 + q2 + 2al). (14)
Beside the result from the loop quantum gravity, the logarithmic correction can also
be obtained from the analysis of Euclidean gravity such in Refs. 23 and 24. Therein
the logarithmic correction is found that depends on the ensemble that is chosen and
the number of all massless fields in the theory.
3. Near-horizon geometry of Kerr-Newman-NUT black holes
In this section, we wish to study the near-horizon geometry of extremal Kerr-
Newman-NUT space-time where the extremal case occurs when M2 = a2+ q2− l2.
In order to do so, we change the coordinates by the following transformations7, 19
rˆ = rˆ+ + λr0y, tˆ =
r0
λ
τ, φˆ = ϕ+ΩH
r0
λ
τ, (15)
where we choose r0 = (2a
2 + q2 + 2al)/M and the parameter λ approaches zero.
The metric (7) changes then to the near-horizon metric given by
ds2 = χ(θ)
(
− r
2
0
M2
y2dτ2 +
dy2
y2
+ dθ2
)
+
r20M
2sin2θ
χ(θ)
(
dϕ+
2a
M
ydτ
)2
, (16)
where χ(θ) = r2+ + (l + acosθ)
2 = a2(1 + cos2θ) + 2alcosθ + q2. This is the Near-
Horizon Extremal Kerr-Newman-NUT (NHEKNUT) metric. In the near-horizon
limit λ → 0 or degenerate horizon, the electromagnetic potential is not regular.
In this case, such problem can be circumvented by expanding the electromagnetic
potential29 but first we need to introduce the Coulomb electromagnetic potential
ΦH = −KµAµ
∣∣
rˆ=rˆ+
=
erˆ+
rˆ2+ + (a+ l)
2
, (17)
where K = ∂tˆ +ΩH∂φˆ. The Coulomb electromagnetic potential will be used as the
gauge transformation in the electromagnetic potential. By expanding the electro-
magnetic potential (8) in r − r+ = λr0y and add the gauge transformation (see
Appendix A), we obtain
Aµdx
µ = f(θ)
(
dϕ+
2a
M
ydτ
)
− e[M
2 − (a+ l)2]
2aM
dϕ, (18)
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where
f(θ) =
[
M2 + (a+ l)2
] [
2gMl+ e(M2 − l2) + a(2gM − 2el− aecosθ)cosθ]
2aM [M2 + (acosθ + l)2]
. (19)
Note that this metric (16) and the electromagnetic potential (18) will remain the
same as the near-horizon geometry of Kerr-Newman space-time when the NUT
charge vanishes.
We can see clearly that the metric (16) has time-like Killing vector, so we can
remove the constant over y2dτ2 by using this scaling
ydτ → M
r0
ydτ. (20)
Because of the scaling (20), the metric (16) is then
ds2 = χ(θ)
(
−y2dτ2 + dy
2
y2
+ dθ2
)
+
r20M
2sin2θ
χ(θ)
(dϕ+ kydτ)
2
, (21)
where k = 2aM/(2a2 + q2 + 2al). Because of the scaling (20), the near-horizon
electromagnetic potential (18) becomes
Aµdx
µ = f(θ) (dϕ+ kydτ)− c
k
dϕ, (22)
where c = e[M2−(a+l)2]/[M2+(a+l)2] and this is the general form of near-horizon
electromagnetic field as the one discussed in Ref. 19, but the second term in the
right hand side can be gauged away as in Ref. 7.
Besides the metric form (21), the NHEKNUT geometry can be represented in
Poincare´-type coordinates such used in some papers of the Kerr/CFT correspon-
dence.6, 8 The Poincare´-type of metric of the NHEKNUT geometry can be obtained
by using the following transformations
rˆ = rˆ+ +
r0λ
yˆ
, tˆ =
r0
λ
τˆ , φˆ = ϕˆ+ΩH
r0
λ
τˆ , (23)
and followed by the scaling
dτˆ
yˆ
→ M
r0
dτˆ
yˆ
, (24)
to the metric (7). The Poincare´-type of NHEKNUT geometry is then
ds2 = χ(θ)
(−dτˆ2 + dyˆ2
yˆ2
+ dθ2
)
+
r20M
2sin2θ
χ(θ)
(
dϕˆ+ k
dτˆ
yˆ
)2
. (25)
The near-horizon electromagnetic potential now has the form
Aµdx
µ = f(θ)
(
dϕ+
kdτ
y
)
− c
k
dϕ. (26)
The metrics (16), (21), and (25) are not asymptotically flat but asymptotically
Anti-de Sitter (AdS). Those metrics cover only part of the NHEKNUT geometry.
To cover the whole near-horizon geometry, we use the global coordinates. In order
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to find the global form, we just need to transform the metrics (21) or (25). The
metric (25), by the following global coordinate transformation6, 13, 30–32
yˆ =
1
r +
√
1 + r2cost
, τˆ = yˆ sint
√
1 + r2, ϕˆ = φ+ kln
(
cost+ r sint
1 + sint
√
1 + r2
)
, (27)
will transform the Poincare´-type of NHEKNUT geometry, such that we obtain
ds2 = χ(θ)
[
−(1 + r2)dt2 + dr
2
1 + r2
+ dθ2
]
+
r20M
2sin2θ
χ(θ)
(dφ+ krdt)
2
. (28)
This global form can also be obtained from the metric (21) by the similar trans-
formations such in Ref. 33. The global form of near-horizon electromagnetic field is
then
Aµdx
µ = f(θ) (dφ+ krdt) . (29)
Note that we have added the gauge transformation before applying the global co-
ordinate transformations to the near-horizon electromagnetic field.
For a fixed polar angle θ, the near-horizon geometry is a quotient of warped
AdS3 which the quotient arises from identification of φ coordinate. This near-horizon
geometry of KNUT black hole has SL(2, R) × U(1) isometry group where for the
global NHEKNUT one, the subgroup U(1) is generated by the Killing vector
ζ0 = −∂φ, (30)
and the subgroup SL(2, R) is generated by the three Killing vectors
X0 = 2∂t,
X1 = 2sint
r√
1 + r2
∂t − 2cost
√
1 + r2∂r +
2sint√
1 + r2
∂φ,
X2 = −2cost r√
1 + r2
∂t − 2sint
√
1 + r2∂r − 2cost√
1 + r2
∂φ. (31)
This is a hint that tells us, according to the conjectured Kerr/CFT correspondence,
the near-horizon extremal black holes could be dual to the CFT and the asymptotic
symmetry group (ASG) may be applied.
4. Asymptotic Symmetry Group
We now employ the approach of Brown and Henneaux26 to find the central charge
of the holographic dual conformal field theory description of an extremal rotating
black hole. Because the KNUT black hole is a solution of Einstein-Maxwell theory,
it seems that there exists the non-vanishing contributions to the central charge
from electromagnetic field besides the metric tensor. First, we assume the non-zero
angular momentum J . Later in the section 7 we will see the case when J = 0 and
the second dual CFT such used in Ref. 7 will be used to compute the entropy.
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4.1. Charges
To compute the charges associated with asymptotic symmetry group (ASG) of near
horizon extremal Kerr-Newman-NUT black hole, we should consider all possible
contributions from all different fields in the action and we can use the formalism
in Ref. 34. Asymptotic symmetries of this solution include diffeomorphisms ξ such
that
δξAµ = LξAµ = ξµ(∂νAµ) +Aν(∂µξν), (32)
δξgµν = Lξgµν = ξσ(∂σgµν) + gµσ(∂νξσ) + gσν(∂µξσ), (33)
as well as the following U(1) gauge transformation Λ
δΛAµ = ∂µΛ. (34)
We denote the metric deviation and the electromagnetic field as δξAµ = aµ and
δξgµν = hµν . So there are two contributions to the associated charge of the asymp-
totic symmetry group from the Kerr-Newman-NUT solution, which is the contri-
bution of the metric tensor and the electromagnetic field. The associated conserved
charge is given by
Qξ,Λ =
1
8π
∫
∂Σ
(
kgζ [h; g] + k
A
ζ,Λ[h, a; g,A]
)
, (35)
where the integral is over the boundary of a spatial slice. The explicit expressions
for the contribution of the metric tensor and electromagnetic field on the central
charge respectively are
kgζ [h; g] = −
1
4
ǫρσµν
{
ζνDµh− ζνDλhµλ + h
2
Dνζµ − hνλDλζµ + ζλDνhµλ
+
hλν
2
(Dµζλ +Dλζ
µ)
}
dxρ ∧ dxσ , (36)
kAζ,Λ[h, a; g,A] =
[
ǫαβµν
{
1
8
(
−1
2
hFµν + 2Fµγhνγ − δFµν
)
(ζρAρ + Λ)− 1
8
Fµνζρaρ
−1
4
Fαµζνaα
}
− 1
8
ǫµναβaµ(LζAν + ∂νΛ)
]
dxα ∧ dxβ , (37)
where δFµν ≡ gµαgνβ(∂αaβ−∂βaα). We should note that the last two terms in Eq.
(36) as well as in Eq. (37) vanish for an exact Killing vector and an exact symmetry,
respectively.
The charge Qζ,Λ generates symmetry through the Dirac brackets. The algebra
of the asymptotic symmetric group is given by the Dirac bracket algebra of these
charges
{Qζ,Λ, Qζ¯,Λ¯}DB =
1
8π
∫ (
kgζ
[Lζ¯g; g]+ kAζ,Λ [Lζ¯g,Lζ¯A+ dΛ¯; g,A])
= Q[(ζ,Λ),(ζ¯,Λ¯)] +
1
8π
∫ (
kgζ
[Lζ¯ g¯; g¯]+ kAζ,Λ [Lζ¯ g¯,Lζ¯A¯+ dΛ¯; g¯, A¯]) ,
(38)
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4.2. Boundary Conditions
To use ASG, we need to specify the boundary conditions of the metric and the elec-
tromagnetic potential deviations. The boundary conditions are imposed to produce
finite charges for both gravitational and electromagnetic parts. Therefore, we adopt
the boundary conditions such in most Kerr/CFT correspondence articles for both
fields. For the metric deviation of the global metric form, we impose the following
boundary conditions
hµν ∼


O(r2) O ( 1r2 ) O ( 1r ) O(1)
O ( 1r3 ) O ( 1r2 ) O ( 1r )
O ( 1r ) O ( 1r )
O(1)

 , (39)
in the basis (t, r, θ, φ). Then for the electromagnetic potential, we impose the fol-
lowing boundary conditions
aµ ∼
(O (r) ,O (1/r2) ,O (1) ,O (1/r)) . (40)
As in Ref. 7, we append the additional boundary condition because we want to
focus only on the central charge that comes from the left-moving Virasoro algebra.
So we impose the boundary condition
Q∂t = 0. (41)
In this case, we want the total central charge due to the diffeomorphism transforma-
tion of the fields comes from the gravity only, as in the case of near-horizon extremal
Kerr-Newman-AdS black holes. So another boundary condition is imposed, i.e.
QΛ = 0. (42)
Hence as we have denoted, in the Dirac bracket calculation of the conserved charges
(38), we consider the central term which is a result of the left-moving part only.
4.3. Central charge
The most general diffeomorphism symmetry that preserves such boundary condi-
tions (39) is generated by the vector field
ζ =
{
ct +O
(
r−3
)}
∂t + {−rǫ′(φ) +O(1)} ∂r +O
(
r−1
)
∂θ
+
{
ǫ(φ) +O (r−2)} ∂φ, (43)
where ct is an arbitrary constant and the prime (
′) denotes the derivative respect
to φ. This asymptotic symmetry group contains one copy of the conformal group of
the circle generated by
ζǫ = ǫ(φ)∂φ − rǫ′(φ)∂r, (44)
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that will be the part of the NHEKNUT metric. We know that the azimuthal coor-
dinate is periodic under the rotation φ ∼ φ+ 2π hence we may define ǫn = −e−inφ
and ζǫ = ζǫ(ǫn). Because of that, the generator of ASG (44) becomes
ζǫ = −e−inφ∂φ − inre−inφ∂r. (45)
By the Lie bracket, the symmetry generator (45) satisfy the Virasoro algebra
i[ζm, ζn]LB = (m− n)ζm+n, (46)
without the central term because we do not define the quantum version yet. The
non-zero metric deviations are
htt = 2inr
2
[
χ2(θ)− 4a2M2sin2θ
χ(θ)
]
e−inφ,
hrr =
−2inχ(θ)
(1 + r2)2
e−inφ, hrφ =
−n2rχ(θ)
1 + r2
e−inφ, (47)
hφφ =
2in(2a2 + q2 + 2al)2sin2θ
χ(θ)
e−inφ.
The Dirac brackets of the conserved charges are now just the common forms of the
Virasoro algebras with a central term
{Qζ, Qζ¯}DB = Q[ζ,ζ¯] +
1
8π
∫
kgζ
[Lζ¯ g¯; g¯] . (48)
Then by defining
Qζ ≡ Ln − ̺δn,0, (49)
where ̺ = 3aM/2 in this case, we obtain the conserved charges algebra in quantum
version, such that
[Lm, Ln] = (m− n)Lm+n + aMm(m2 − 1)δm+n,0. (50)
From the algebra above, we can read-off the value of the left-moving central charge
for NHEKNUT black hole, i.e.
cL = 12aM = 12a
√
a2 + q2 − l2. (51)
5. Temperature
After getting the central charge in the previous section, we need to find the temper-
ature in order to use Cardy formula to obtain the entropy. To find the temperature,
we use the analog of the Hartle-Hawking vacuum, i.e. Frolov-Thorne vacuum that
have been used in the Kerr/CFT correspondence because the angular momentum is
included within this vacuum. When the Hawking temperature is zero, this vacuum
is a pure state. But here will be a little bit difference comparing to6 because there
is an emergence of the additional thermodynamics potentials such as electric and
magnetic potentials. Both potentials are the conjugate of the electric and magnetic
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charges, respectively. Now, we may use the first law of the black hole thermody-
namics
THdS = dM − ΩHdJ − ΦedQe − ΦgdQg, (52)
and the extremal condition that satisfies
T exH dS = dM − ΩexH dJ − Φexe dQe − Φexg dQg = 0. (53)
Therefore we can obtain
THdS = −
[
(ΩH − ΩexH )dJ + (Φe − Φexe )dQe + (Φg − Φexg )dQg
]
. (54)
The electric potential and magnetic potential can be defined from (8), which are
given by
Φe =
erˆ+ + g(a+ l)
rˆ2+ + (a+ l)
2
, (55)
Φg =
−g(a+ l)
rˆ2+ + (a+ l)
2
, (56)
where the extremal case means rˆ+ =M . The potentials (55) and (56) will be useful
in the derivation of the temperatures related to the electromagnetic charges. For
such constrained variations (54), we may write
dS =
dJ
TL
+
dQe
Te
+
dQg
Tg
. (57)
We consider the quantum scalar field with eigenmodes of the asymptotic energy
E and angular momentum J , which are given by the following form
Φ˜ =
∑
E,J,s
φ˜E,J,se
−iEtˆ+iJφˆfs(rˆ, θ), (58)
for Kerr black hole. In order to transform this to near-horizon quantities and take
the extremal limit, we note that in the near-horizon coordinates (15) we have
e−iEtˆ+iJφˆ = e−i(E−Ω
ex
H J)τr0/λ+iJϕ = e−inRτ+inLϕ, (59)
where
nR = −(E − ΩexH J)r0/λ, nL = J. (60)
But this is only suitable when there is no contribution of the electromagnetic po-
tential. So in our case, using the fact that there are potentials as the conjugates of
the electric and magnetic potentials, we may extend Eq. (60) to
nR = −(E − ΩexH J − Φexe Qe − Φexg Qg)r0/λ, nL = J. (61)
Hence the density matrix in the asymptotic energy, angular momentum, electric
charge, and magnetic charge eigenbasis now has the Boltzmann weighting factor
e
−
(
E−ΩHJ−Φ
ex
e Qe−Φ
ex
g Qg
TH
)
= e
−
nR
TR
−
nL
TL
−
Qe
Te
−
Qg
Tg . (62)
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If we take the trace over the modes inside the horizon, the Boltzmann weighting
factor will be a diagonal matrix. We can compare the Eqs. (61) and (62) to obtain
the definition of the temperatures of the CFT, such that
TR =
THr0
λ
∣∣∣∣
ex
, TL = − ∂TH/∂rˆ+
∂ΩH/∂rˆ+
∣∣∣∣
ex
,
Te = −∂TH/∂rˆ+
∂Φe/∂rˆ+
∣∣∣∣
ex
, Tg = −∂TH/∂rˆ+
∂Φg/∂rˆ+
∣∣∣∣
ex
. (63)
We know that for the extremal black holes, the Hawking temperature TH will vanish
but not all of the temperatures from the CFT will also vanish. We can see that only
the right-moving temperature which is equal to zero in the extremal case and the
others finally become
TL =
M2 + (a+ l)2
4πaM
,
Te =
M2 + (a+ l)2
2π [2gM(a+ l) + e {M2 − (a+ l)2}] , (64)
Tg = −M
2 + (a+ l)2
4πgM(a+ l)
.
We can also write the left-moving temperature in the form TL = 1/2πk where
k is constant that is obtained in section 3. The Hartle-Hawking vacuum state is
generalized around the extremal KNUT black hole with a density matrix given by
ρ = e
−
J
TL
−
Qe
Te
−
Qg
Tg . (65)
Because of the boundary CFT is dual to the NHEKNUT black hole, the dual of
this black hole is described by the CFT in the mixed state (65).
6. Entropy from CFT
6.1. Cardy formula
To compute the entropy, we know use the famous Cardy formula that comes from
the CFT. This entropy has the general form
S = 2π
(√
cLEL
6
+
√
cRER
6
)
, (66)
where EL, ER are the eigen energies of the operator L0, L¯0. In order to obtain the
entropy as a function of temperature as used in the Kerr/CFT correspondence, we
use the thermodynamic relation dE = TdS, such that
S =
π2
3
(cLTL + cRTR), (67)
For the NHEKNUT solution, there are also Te and Tg that actually have to be taken
into account to the Cardy entropy. But in section 4, we have assumed that the charge
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from the electromagnetic field contribution is zero. Because the right-moving central
charge is also zero and by using the central charge (51) and left-moving temperature
in Eq. (64), the microscopic entropy of NHEKNUT black hole is then
S =
π2
3
cLTL = π(2a
2 + q2 + 2al) =
AH
4
. (68)
It precisely agrees with the macroscopic Bekenstein-Hawking entropy (12). This
entropy reduces to entropy of dyonic Kerr-Newman for l = 0, Kerr-NUT for q = 0,
and Kerr for l, q = 0, so this entropy is more general.
6.2. Logarithmic correction
Here we will show the logarithmic corrrection of the entropy as shown in Ref.
20 especially for the NHEKNUT black hole. The general form of this logarithmic
correction from the CFT is shown in Refs. 21 and 22 from Cardy prescription that
we use here. In Cardy formula, the corrections come from the addition of the lowest
eigenvalue EL0 of the conformal operator L0, that often but not always has a zero
value. The choice of boundary conditions actually affects the result, but in general
as it is imposed in the section 4, the resulting Virasoro algebra generates the central
charge and the eigenvalue of L0 such as the following, respectively
cL =
3AH
2πGN
β
κ
, EL =
AH
16πGN
κ
β
, (69)
where κ is a surface gravity and β is an undetermined periodicity. It is clearly seen
that we still only focus on the left-moving part and we have assumed EL0 << cL
in the derivation. Thus the logarithmic correction of the entropy that depends on
the area of the black hole is given by
∆S = −3
2
lnAH . (70)
If we take into account this logarithmic correction to NHEKNUT metric, we will
have
∆S = −3
2
ln4π(2a2 + q2 + 2al). (71)
For q = 0, Eq. (71) will be the correction of extremal Kerr-NUT black hole.38
Note that the microscopic logarithmic correction obtained here come from the as-
sumption of the non-zero lowest eigenvalue of the conformal operator and based on
the macroscopic result in loop quantum gravity.20 We emphasize this because in
Ref. 25, they find the logarithmic correction that is generated by Gaussian fluctu-
ations of the density of states about the saddle point to confirm the macroscopic
result from24 that employ the analysis of Euclidean gravity. Actually to go further,
we may calculate the logarithmic correction such in Ref. 25. However we need to
find the macroscopic result before to confirm the microscopic one because in Refs.
23 and 24, it is not assumed that there is NUT charge in the black hole solution
that actually come from the gravity.
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7. Reissner-Nordstro¨m-NUT solution in 5D
In the NHEKNUT metric we find, when the momentum angular J approaches
0, it causes the central charge to vanish as well because its value is proportional
to J and produces the extremal Reissner-Nordstro¨m-NUT solution while the left-
moving temperature will be singular because it is proportional to 1/J . It seems like
what happen to Kerr-Newman-AdS black hole. However, the resulting microscopic
entropy also remains in accordance with the Bekenstein-Hawking entropy because
the angular momentum in the central charge and temperature cancel each other.
We do not want this to happen, so we need another way to get the microscopic
entropy from the finite central charge and temperature.
As mentioned earlier, Hartman et al.7 face the same case and manage to obtain
the finite value of the microscopic entropy by using the second dual CFT. Here,
we will adopt the same method as they do, which is actually also done in Ref. 12.
First we need to add a new coordinate representing the fifth dimension of S1 which
has property z ∼ z + 2πRn where Rn is an integer. The addition of this fibered
coordinate produces one additional Killing vector ∂z which becomes U(1) symmetry
in addition to SL(2, R)R × U(1)L. Furthermore, the electromagnetic potential can
be mapped to a geometric part by a duality transformation such in string theory
but it is not always applied.35 This is actually such a black hole solution that exists
in Kaluza-Klein theory36 where dimensional reduction from 5D to 4D will produce
dilaton and electromagnetic fields in the four dimensional metric. The holographic
dual of Kaluza-Klein black hole is also studied in Ref. 37.
When the limit J → 0, not only the left-moving temperature will be singular but
also the electromagnetic potential but this singularity can be eliminated by taking a
certain gauge transformation. To obtain the entropy of the five dimensional extremal
Reissner-Nordstro¨m-NUT black hole, we use the global form metric (28) included
its electromagnetic potential (29). For the electromagnetic potential in this solution,
we choose the following gauge transformation
A→ A− 2gMl+ e(M
2 − l2)
2aM
dφ. (72)
Hence when we take a = 0, the electromagnetic potential is then given by
A = Aµdx
µ = krdt+
(gM − el)cosθ
M
dφ. (73)
where for Reissner-Nordstro¨m-NUT solution, the constant k = [2gMl + e(M2 −
l2)]/(M2+ l2). This electromagnetic potential (73) can be the part of the geometry
of the Reissner-Nordstro¨m-NUT solution as we have said in preceding paragraph.
Furthermore, the metric now is in the form
ds25 = ds
2
4 + (dz +A)
2, (74)
where the four dimensional metric is
ds24 = χ
[
−(1 + r2)dt2 + dr
2
1 + r2
+ dθ2
]
+
r20M
2sin2θ
χ
dφ2, (75)
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that we obtain from (28) and taking a = 0 and herein the section r0 = q
2/M and
χ = M2 + l2. As mentioned in the preceding few paragraphs, this method is used
to obtain the extremal Reissner-Nordstro¨m-AdS geometry. Next, we will prove that
the entropy of this black hole, by using the second dual CFT, will produce the
following Bekenstein-Hawking entropy
SBH = πq
2 =
AH
4G5
. (76)
7.1. Central charge
Just like in the section 4, we do need to compute the central charge to find the
entropy as well as the temperature KNUT one where the central charge comes
from the five dimensional gravity only, so we can neglect the contribution of the
electromagnetic potential. We have to note that in 5D gravity, the gravitational
constant is G5 = 2π.
To find the non-trivial diffeomorphisms, we need to set some consistent bound-
ary conditions of the metric deviation as in 4D solution. Here we adopt the same
boundary condition such in Ref. 7, i.e.
hµν ∼


O(r2) O ( 1r2 ) O ( 1r ) O(r) O(1)
O ( 1r3 ) O ( 1r2 ) O ( 1r ) O ( 1r )
O ( 1r ) O(1) O ( 1r )
O ( 1r ) O(1)
O(1)

 , (77)
in the basis (t, r, θ, φ, z). Hence the most general diffeomorphisms are of the form
ζ =
{
bt +O
(
r−3
)}
∂t + {−rǫ′(z) +O(1)} ∂r +O
(
r−1
)
∂θ
+
{
bφ +O
(
r−2
)}
∂φ +
{
ǫ(z) +O (r−2)} ∂z, (78)
where ǫ(z) = −e−inz and the prime (′) denotes the derivative respect to z. Here
bt, bφ are arbitrary constants. We can see that the boundary conditions (77) allow
ζz = ǫ(z)∂z − rǫ′(z)∂z, (79)
but do not allow ζǫ such the case of 4D NHEKNUT geometry. Furthermore, to
compute the central charge, we may follow the same steps such in section 4 but for
five dimensional gravity,12 we have
kgζ [h; g] = −
1
2
1
3!
ǫρσγµν
{
ζνDµh− ζνDλhµλ + h
2
Dνζµ − hνλDλζµ + ζλDνhµλ
+
hλν
2
(Dµζλ +Dλζ
µ)
}
dxρ ∧ dxσ ∧ dxγ , (80)
where the last two terms vanish for the exact Killing vector. Finally, the central
charge is given by
cz = 6kχ, (81)
that is associated to ζz .
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7.2. Temperature
We are left only by the temperatures conjugate to electric and magnetic charges.
Hence from the first law of black hole thermodynamics, we have
dS =
dQe
Te
+
dQg
Tg
. (82)
As the second dual CFT for extremal Reissner-Nordstro¨m-AdS solution, the mag-
netic charge is held fixed. So now the vacuum is a pure state. The remaining tem-
perature is given by
Te =
1
2πk
=
M2 + l2
2π [2gMl+ e(M2 − l2)] . (83)
This can easily be obtained by taking a = 0 in the temperature (64).
7.3. Entropy
Finally, we can compute the microscopic entropy of the extremal Reissner-
Nordstro¨m-NUT black hole by using Cardy formula. The entropy of the extremal
Reissner-Nordstro¨m-NUT black hole is then
SRNNUT =
π2
3
czTe = π(M
2 + l2) = πq2 =
AH
4G5
. (84)
Therefore the entropy from the CFT for this 5D solution also matches the
Bekenstein-Hawking entropy. For zero NUT charge, it reduces to the entropy of
extremal Reissner-Nordstro¨m black hole.12 If we take into account the logarithmic
correction from the Cardy prescription, the logarithmic correction for this black
hole is
∆S = −3
2
ln4πq2. (85)
In Ref. 25, there is a microscopic calculation of the logarithmic correction of 5D
Kerr-Newman black hole where the correction is −4lnd, based on the macroscopic
result from the analysis of Euclidean gravity23, 24 where d is a length parameter that
has relation dN−2 = AH . In the analysis of Euclidean gravity, there is a constant
Clocal in the correction that will vanish for five dimensional solution. For the 5D
extremal Reissner-Nordstro¨m-NUT black hole, that constant must vanish too and
the rest of the constant depends on the ensemble that is chosen.
8. Concluding Remarks
In this letter, we have investigated the duality between the NHEKNUT black hole
and the CFT on its boundary by using the Kerr/CFT correspondence. We choose
this black hole solution because it has NUT charge that makes the solution is not
asymptotically flat and it is more general then the Kerr-Newman solution. In order
to study the duality, first we have obtained the NHEKNUT solution in three types
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of coordinate which all of this solutions have the same isometry, i.e. SL(2, R)×U(1),
so ASG can be applied to find the central charge. Before computing the microscopic
entropy, the Frolov-Thorne vacuum is considered and extended to add the additional
contribution of the electromagnetic potential to obtain the temperatures. Finally,
it is found that the entropy of NHEKNUT black hole is
S = π(2a2 + q2 + 2al),
that agrees with the Bekenstein-Hawking entropy and we have proved once again
that the Kerr/CFT correspondence is true at this point. The point is also that this
entropy is more general than the dyonic Kerr-Newman. Then we have showed also
the logarithmic correction of the entropy coming from the CFT for this black hole
by using the Cardy prescription.
An interesting case occurs when the angular momentum J vanishes. It makes
NHEKNUT solution becomes the extremal Reissner-Nordstro¨m-NUT solution and
produces finite entropy but with the singular left-moving temperature and zero
central charge. It makes us use the second dual CFT to prove that it still have
to produce finite and the non-zero central charge and temperature to obtain the
same entropy with the Bekenstein-Hawking one. We add the fifth fibered coordinate
to extend the solution to 5D geometry and make the use of the electromagnetic
potential as the part of the geometry too. After getting the 5D solution, we use
the same method as we use for the NHEKNUT solution to find the central charge
and the temperature then computing the entropy. At the end, we prove that the
microscopic entropy is
SRNNUT = π(M
2 + l2) = πq2,
that comes from the second dual CFT, matches the Bekenstein-Hawking entropy
in general and this entropy is more general than the Reissner-Nordstro¨m one. The
logarithmic correction from the Cardy prescription is also shown.
The origin of NUT charge is still interesting to be understood and herein we
know that Kerr/CFT correspondence do succeed again to study the microscopic
origin of the entropy of the rotating NUT black holes. But in the other side, the
microscopic calculation of the logarithmic correction of the entropy from the CFT
is still debatable and needs to be confirmed with the macroscopic result especially
for black holes that contain NUT charge.
As future work, we want to study the Kerr/CFT correspondence for the rotat-
ing black hole solution with quintessential dark energy. This solution adds a new
parameter that represents the existence of quintessential dark energy around the
black hole. We think that it maybe useful in astrophysics since there exist the dark
energy.
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Appendix A. Electromagnetic potential for the degenerate horizon
For the degenerate horizon, the electromagnetic potential is not regular. To solve
it, we can expand the electromagnetic potential such that
A = Aµdx
µ = Atˆdtˆ+Aφˆdφˆ
=
(
Atˆ
∣∣
rˆ=rˆ+
+
∂Atˆ
∂rˆ
∣∣∣∣
rˆ=rˆ+
λr0y
)
r0
λ
dτ +
(
Aφˆ
∣∣
rˆ=rˆ+
+
∂Aφˆ
∂rˆ
∣∣∣∣
rˆ=rˆ+
λr0y
)
×
(
dϕ+ΩH
r0
λ
dτ
)
= −ΦH r0
λ
dτ +
(
∂Aφˆ
∂rˆ
∣∣∣∣
rˆ=rˆ+
+ΩH
∂Atˆ
∂rˆ
∣∣∣∣
rˆ=rˆ+
)
r20ydτ
+
(
Aφˆ
∣∣
rˆ=rˆ+
+
∂Aφˆ
∂rˆ
∣∣∣∣
rˆ=rˆ+
λr0y
)
dϕ. (A.1)
So if we want to take the limit λ→ 0, we have to use the gauge transformation
A→ A+ΦH r0
λ
dτ, (A.2)
to remove the singularity.
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